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Abstract—This paper investigates the degrees of freedom (DoF)
of the L-cluster K-user MIMO multi-way relay channel. A DoF
upperbound is derived by providing users with carefully designed
genie information, and properly enhancing the received signal
of one of the users. For the L-cluster K-user MIMO multi-
way relay channel in the symmetric setting, conditions under
which the DoF upperbound can be achieved using either multiple
access transmission or signal space alignment are established,
demonstrating that the newly derived upperbound is the first
tight DoF upperbound for the general MIMO multi-way relay
channel. Additionally, this new upperbound proves the optimality
of the achievable DoF for several special cases of the MIMO
multi-way relay channel obtained in previous works. The results
provide the insight that, with fixed spatial dimension at the relay,
increasing the number of users and clusters cannot provide any
DoF gain. In addition, it is observed that allowing three or more
users to share the spatial dimension of the relay cannot provide
any DoF gain.

I. INTRODUCTION

The multi-way relay channel [1] is a fundamental building
block for relay networks with multicast transmission. The
channel model generalizes a number of relay assisted multi-
user models whose performance limits have been studied
previously, see for example, [1]-[8] and references therein.
For most of these special cases as well as the general model,
the exact capacity remains unknown, in turn making it difficult
to obtain design insights. The degrees of freedom (DoF) char-
acterization, on the other hand, can provide us with insights on
the optimal signal interaction in time/frequency/space dimen-
sions, and can be useful in designing transmission schemes
for multicasting scenarios through a relay.

The DoF of a wireless system characterizes its high signal-
to-noise ratio (SNR) performance. Signal space alignment has
been shown to achieve the optimal DoF for the Y channel in
[9], which is a special case of the multi-way relay channel
with one cluster and three users. The authors have shown
that, by aligning the signals from the users that want to
exchange information at the same dimension, network coding
can be utilized to maximize the utilization of the spatial
dimension available at the relay to achieve the optimal DoF.
This technique is further utilized in references [10]-[15] to
study the DoF of several special cases of the MIMO multi-way
relay channel. The existing achievable DoF results for special
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cases of the MIMO multi-way relay channel are summarized
as follows:

o MIMO three-user Y channel [9]: This is the MIMO
multi-way relay channel with one cluster that contains
three users. Each user has M antennas and the relay has
N antennas. The optimal DoF, denoted by DoF™ is

DoF* =3M if N > {g—‘ . (1)

o MIMO K-userY channel [10]: This is the MIMO multi-
way relay channel with one cluster that contains K users.
User ¢ has M, antennas and the relay has N antennas.
Each user can send K —1 independent data streams with
DoF d for each stream if

M; > d(K —1), NZ%

Note that the optimal DoF is unknown.

o MIMO two-cluster multi-way relay channel with two
users in each cluster [15]: When each user has M
antennas and the relay has N antennas, optimal DoF is

DoF* =2N, N< %M, 3)
DoF* =4M, N >4M. ()

o MIMO K-pair two-way relay channel [11]: This corre-
sponds to the MIMO multi-way relay channel with K
clusters each with two users. Each user has M antennas
and wants to transmit d data streams with DoF 1. The
relay has Kd antennas. To guarantee interference-free
transmission, we need

2M
K<— -1, )
d
and the achievable DoF is 2Kd. Note that optimal DoF
is unknown except for K = 2 [15].

For the DoF characterization of MIMO multi-way relay
channels, the DoF upperbound obtained to date is a cut-set
bound, which can provide a tight upperbound for the three-
user Y channel [9] and two-cluster multiway relay channel
with two users in each cluster [15], but can be arbitrarily loose
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Fig. 1. L-cluster K-user MIMO multi-way relay channel.

for other instances of the model.

In this work, we derive a new DoF upperbound for the L-
cluster K-user MIMO multi-way relay channel using a genie-
aided approach and enhancing the received signal at one of
the users following the idea from [16]. In the sequel, we will
refer to this as the general MIMO multi-way relay channel.
We show that the DoF for the general MIMO multi-way
relay channel is always upperbounded by 2N with N being
the number of antennas at the relay. This DoF upperbound,
combined with the cut-set bound, provides us a comprehensive
set of DoF upperbounds for the general MIMO multi-way
relay channel. With the new upperbound, we then study
the achievable DoF for the general MIMO multi-way relay
channel in the symmetric setting, where all users have the same
number of antennas. It is shown that the newly derived DoF
upperbound can be achieved for several scenarios of interests
using signal space alignment or multiple-access transmission.
The result shows that the DoF for the MIMO multi-way relay
channel is always limited by the spatial dimension available
at the relay, and that we cannot get any DoF gain by letting
three or more users to share the same spatial dimension of the
relay.

II. CHANNEL MODEL

The L-cluster K-user MIMO multi-way relay channel is
shown in Fig. 1, which has L clusters, and each cluster has K
users. User k (k=1,2,--- ,K) incluster [ (I =1,2,---,L)
is assumed to have M} antennas, and the relay is assumed to
have N antennas. Without loss of generality, we assume that
M > M, > > M.

In cluster /, user k has a message W}, (i =1,2,--- ,K,i #
k), for all the other users in cluster I. We denote Wi as the
message set originated from user k in cluster [ for all the other
users in the same cluster, i.c.,

Wllc - {WlllmWélm o 7W]ifl,k7Wli+1,k7 e 7Wé(k} (6)

It is assumed that the users can communicate only through
the relay and no direct links exist between any pairs of users
[1]. All the nodes in the network are assumed to be full duplex.

The transmitted signal from user % in cluster [ for channel use
t is denoted as Xy, ;(¢) € CM k. The received signal at the relay
for channel use ¢ is denoted as Yg(t) € CV. The received
signal at user k£ in cluster [ for channel use ¢ is defined as
Y(t) € CMi.. The channel matrix from user k in cluster [
to the relay is denoted as Hp ;) (t) € CN *Mj  The channel
matrix from the relay to user %k in cluster [ is denoted as
H,r(t) € CMi*N It is assumed that the entries of the
channel matrices are drawn independently from a continuous
distribution, which guarantees that the channel matrices have
full rank almost surely.

The encoding function at user k in cluster [ is defined as
Xk,l(t) = fk,l(W]le]tg;l% (7)

where YZ?l = [Yk,l(l), s ,Yk,l(t — 1)]
The received signal at the relay is
L K

Yr(t) => > Hpgy®Xei(t) + Zr(t).  (3)

I=1k=1

For channel use ¢, the transmitted signal X (t) € CV from
the relay is a function of its received signals from channel use
1tot—1,1ie.,

Xr(t) = fr(YR ). ©)

The received signal at user k in cluster [ for channel use ¢
is
Yk,l(t) = H(k,l)R(t)XR(t) + Zk,l(t). (10)
In the above expressions, Zy (t) € CMi, Zp(t) € CV are
additive white Gaussian noise vectors with zero mean and
identity covariance matrices. The transmitted signals from the
users and the relay satisfy the following power constraints:

E [tr (Xi, ()X (0))] < P, (11)
Etr (Xr®)Xg(®)")] < P. (12)

Based on the received signals and the message set W}, user
k in cluster [ tries to decode all the messages intended for it,
which is denoted as

Al ryasl 171 171 171 171
Wk - {Wk,17Wk,27' o 7Wk,k717Wk,k+17 e 7Wk,K}'

We also have

Wi = g (YR, WL (13)

where gy, ; is the decoding function for user % in cluster [.

We assume the rate of message W}, is R!, (P) under power
constraint P. A rate tuple {R!, (P)} with [ =1,--- L, k =
1,---,Kand i =1, --- K, i # k is achievable if the error
probability P = Pr(Up W}, # W!,) — 0as n — co.

We define C(P) as the set of all achievable rate tuples
{R!,(P)}, under power constraint P. The degrees of freedom
is defined as Re~(P)

lim 2

DoF = L
7T P Tog(P)

: (14)
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where
L K K

sup > Ri(P)

Rl (P)YeC(P) 1= b1 iz
{RL,(P)}ec(P) 1=1 k=il

Rs~(P) = (15)

is the sum capacity under power constraint P.

III. DOF UPPERBOUND FOR THE GENERAL MIMO
MULTI-WAY RELAY CHANNEL

Theorem 1: For the L-cluster K-user MIMO multi-way
relay channel, the DoF upperbound is

L K L K
DoF < min {ZZM,@JZZM,Q,QN} . (16
1=1 k=1 =1 k=2
Proof: The first two terms of the upperbound can be
derived using cut set bound. Note that by assumption we have
M} > M} > ... > ML. For the messages in cluster I, we
remove the messages from other clusters. This operation does
not affect the rate of the messages in cluster [. Now the channel
is effectively a MIMO multi-way relay channel with a single
cluster. For the messages intended for user ¢, we can combine
all the other users except for user 7, which yields a two-way
relay channel with user ¢ as a node, and all the other users
as a node. We can then bound the DoF for the messages in
cluster [ in the following fashion:

K K

> diy <min{M{, N, > M} (17)
k=2 k=2

K

> iy <min{M, N}, i #1, (18)
i

where d!; denotes the DoF for message W/,. This yields the
desired DoF upperbound for the first two terms in (16).

To prove the term DoF < 2N, we first assume that M, ,i >
N. If M! < N, we can always add more antennas to user k
in cluster /, which does not reduce the capacity. The received
signal at user k in cluster [ is

Yii =HunrXr + Zg,. (19)

We consider users in cluster [. We wish to enhance the
received signal at user 1 in cluster [ such that it has a stronger
signal than all the other users in cluster {. To this end, we
perform singular value decomposition for Hy ;r, k& # 1:

Hynr = Uk,zE(k,z)RVLl- (20)
We have
UL Yo = S0V Xe +Uj Zie 2D
With some change of notation, we have
Y = 2wnrXy ) + L (22)
where Y}, = U] Yy, X k) Vi Xgp, Z, =

UL‘le,l, and Z;c,l has the same distribution as Zj ;. Note

that the above operation is invertible and does not change the
capacity region.

We further consider an enhanced version of the received
signal at user 1:

Y7, =HquyrXr+ Ny, (23)
where Ny ; ~ CA(0,K) and
1
_ T T
K = IM - H(l,l)R (H(l,l)RH(lsl)R) H(l,l)R
1
T
+ EH(LZ)RH(LZ)R (24)

and « is the maximum of all the singular values of matrices
H(k,l) r- Note that using the enhanced version of Y ; will not
reduce the capacity region since we can add artificial noise
to the signal to obtain a statistically equivalent signal as the
original received signal. Since we have M} > N, we can let
user | in cluster / to perform zero-forcing to obtain a stronger
signal than the received signal at user % in cluster [

/1,(k,l) = X;%,(k,l) + N/l,(k,l) (25)
where
/ t (et 1o
Lkt = Vi (H(l,z)RH(Ll)R) H, )pNui.  (26)
It is easy to see that
1
Loy ~ N0, EIM) 27

and thus Y/ 1) 18 less noisy than Y, ;,and Y7, is a stronger
signal than all the other signals received at user £ # 1 in
cluster ['.

By assumption, user k in cluster [ can decode messages
{Wi} forie {1, - ,K}/{k} given the received signal Y},
and the side information .. We now use the following steps
to derive the DoF upperbound.

o Step I:
— User 1 in cluster [ has side information le-l, Jj=
2, K.
— User 1 in cluster [ can decode messages {W/,} for
i=2,... K.
o Step 2:

— Let a genie provide user 1 in cluster [ with messages
{VViQ}’ =3, K.

— User 1 now has the messages {Wi2}, i =
1,3, -, K, which is exactly all the side information
available at user 2 in cluster /.

— With the enhanced signal Y7*;, user 1 in cluster [ can
decode all the messages intended for user 2 in cluster
, i.e., the messages {W},} fori=3,--- K, since
we can obtain a stronger signal than the received
signal at user 2 in cluster | from Y}*;.

o Step 3:
'Note that the above channel enhancement arguments can be simplified by

providing user 1 in cluster [ with all the received signals from the other users
in the same cluster as suggested by the reviewer. See [17] for details.
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Fig. 2. TIllustration for side information, genie information and decodable
messages for the DoF upperbound at user 1.

— Let a genie provide user 1 in cluster [ with messages
{Wis},i=4,--- K.

— User 1 now has the messages {W;3}, i@ =
1,2.4,--- K, which is exactly all the side infor-
mation available at user 3 in cluster /.

— With the enhanced signal Y}*;, user 1 in cluster [ can
decode the messages {W4,} fori =4, - K.

o Proceed in the same fashion, for Step k:

— Let a genie provide user 1 in cluster [ with messages
{Wi},i=k+1,-- K.

— User 1 now has the messages {W;.}, i €
{1,---,K}/{k}, which is exactly all the side in-
formation available at user k in cluster /.

— With the enhanced signal Y7*;, user 1 in cluster [ can
decode the messages {W},} fori=Fk+1, - K.

e Step K — 1:

— Let a genie provide user 1 in cluster [ with message
Wl o

— User 1 now has the messages {W; x_1}, i =
1,--- K — 2, K, which is exactly all the side in-
formation available at user K — 1 in cluster [.

— User 1 in cluster [ can decode the message Wi 1 k.

Based on the above arguments, user | in cluster [ can decode
the messages {W},} fork=1,--- |\ K—1,i=k+1,--- K,
which is illustrated in Fig. 2 for K = 9. We can see that
half of all the messages can be decoded at user 1 in cluster
| based on the received signal Y7, the side information W},
and the genie information {mlk}, for k = 2,--- K — 1,
i=k+1,--- K.

We define W) as the set of messages {W},} for k =
1, K—-1,71=Fk+1,---,K for cluster [, which are
messages that can be decoded by user 1 in cluster [, W' as
all the messages from cluster [ and WY to denote the set
of messages W'/W!. We can then bound the rate of these
decodable messages as follow:

L K-1 K
ny > ) R (28)
=1 k=1 i=k+1
=HWj, - WrWic. -  Wi) (29)
=IWg,- W YT YIRS, - s WE©) + ey

. Side Information
Wi . Genie Messages
. Decodable Messages

© 00N DU W RS

Fig. 3. TIllustration for side information, genie information and decodable
messages for the DoF upperbound at user K.

=I(Xg: Y70 YT

YT LIXR) + nen (30)
1)

where equation (30) is because conditioning reduces entropy
and the received signals at the users only depend on the
transmitted signal from the relay.

From equation (31), we can see that
SIS R

log SNR -

We now have an upperbound for half of the messages from
all users. We can bound the DoF for the rest of the messages
by enhancing the received signal of user K and provide genie
information to user K in a similar fashion, as illustrated in
Fig. 3, which yields

lim

SNR—o0 (32)

L K k—1
lim Zl:l Zk:Q Z’i:l Réﬂ <N

SNR—o0 log SNR -
Based on equations (32) and (33), we have DoF < 2N.H

(33)

A. Optimality of Achievable DoF for Special Cases

We can now evaluate the optimality of the achievable DoF
for the special cases of the MIMO multi-way relay channel
we have reviewed in Section I using the newly derived DoF
upperbound.

o MIMO K-user Y channel [10]: The DoF upper bound

for this case is
K
DoF < min{) ~ M;,2N}. (34)
1=1

If we have M; > d(K — 1) and fix N = w’ the
DoF upperbound becomes

DoF < dK(K —1). (35)

If we further have M; > %, the condition N <
min{M; + M; —d|Vi # j} is also satisfied, and the DoF
upper bound implies that d K (K —1) is indeed the optimal
DoF.

o MIMO K -pair two-way relay channel [11]: For this case,
the DoF upperbound becomes

DoF < min{2KM,2Kd}. (36)
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When K < % — 1, we have 2Kd < 2K M for K > 2.
The DoF upperbound 2Kd is thus achievable and is the
optimal DoF.

IV. OpTIMAL DOF FOR L-CLUSTER K-USER MIMO
MULTI-WAY RELAY CHANNEL

In this section, we study the L-cluster K -user MIMO multi-
way relay channel in the symmetric setting, i.e., all the users
have the same number of antennas.

Theorem 2: For the symmetric L-cluster K-user MIMO
multi-way relay channel, where all users have M antennas
and the relay has N antennas, the optimal DoF is

DoF* = KLM if N > KLM, (37)

DoF* =2N if L(I; ) (2M —N)>N. (38

Proof: For this case, the DoF upperbound in equation
(16) becomes

DoF < min {KLM,2N}. (39)

When 2N > K LM, the DoF upperbound becomes K LM .
The DoF upper bound can be achieved when N > KLM.
Under this condition, the relay can decode all the messages
from all the users and can broadcast the messages to the
intended users using zero-forcing.

When 2N < K LM, the DoF upperbound becomes 2N. To
achieve this upperbound, we let each signal dimension at the
relay to be shared by a pair of users. From the result in [9],
any pair of users can share 2/ — N dimensional signal space
at the relay, if 2M > N. Therefore, we need

) (40)
such that all the signal dimension at the relay can be shared
by a pair of users. We can choose any pair of users to
exchange data streams without exceeding their maximum
allowed dimension of shared signal space 2M — N. We let
the users exchange NN pairs of data streams, and the relay can
decode the sum of each pair of the data streams and broadcast
to the users with proper receiver-side processing. The detailed
scheme is omitted due to space limits. [ |

Remark 1: This is the first DoF result for the general
MIMO multi-way relay channel. We can see that the DoF
is always limited by the available spatial dimensions at the
relay. With fixed number of antennas at the relay, increasing
the number of users and the number of clusters cannot provide
any DoF gain. In the meantime, the DoF upperbound 2NV also
provides us insights regarding how the resources of the relay
can be utilized: the optimal way to utilize the resources of
the relay is to share the relay between two users. We cannot
obtain DoF gain by letting three or more users to share the
resources of the relay.

L<K>(2M—N) > N,

V. CONCLUSION

In this paper, we have investigated the DoF for the L-
cluster K-user MIMO multi-way relay channel and established

the optimal DoF for several scenarios of interests. We have
derived a new DoF upperbound using genie-aided approach
and channel enhancement, which is shown to be tight for
several scenarios of interests. We have also studied the L-
cluster K-user MIMO multi-way relay channel with equal
number of antennas at the users, and established the optimal
DoF. The DoF results imply that the DoF of the MIMO multi-
way relay channel is always limited by the spatial dimensions
available at the relay. With fixed number of antennas at the
relay, increasing the number of users and clusters cannot
provide any DoF gain. The results also imply that allowing
three or more users to share the resources of the relay cannot
provide any DoF gain.
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