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Abstract—Coded caching can improve fundamental limits of
communication, utilizing storage memory at individual users.
This paper considers a centralized coded caching system, in-
troducing heterogeneous cache sizes at the users, i.e., the users’
cache memories are of different size. The goal is to design cache
placement and delivery policies that minimize the worst-case
delivery load on the server. To that end, the paper proposes
an optimization framework for cache placement and delivery
schemes which explicitly accounts for the heterogeneity of the
cache sizes. We also characterize explicitly the optimal caching
scheme, for the case where the sum of the users’ cache sizes is
smaller than or equal to the library size.

I. INTRODUCTION

Caching [1]–[9] aims to alleviate network congestion during
peak-traffic hours, by pushing data into the cache memories
at the network edge during off-peak hours. The former is
often called the delivery phase and the latter the placement
phase. The contents requested by the users, are thus partially
available at the users’ local cache memories and the remaining
pieces need to be delivered, e.g., by a server. Reference [1] has
introduced the fundamental concept of coded caching, where
the placement and delivery phases are jointly optimized to
minimize the delivery load, by creating multicast opportunities.

Extensive effort has transpired towards studying fundamen-
tal limits of coded caching in various setups since the intro-
duction of coded caching systems with equal cache sizes in
[1]. In particular, reference [2] has considered a decentralized
system where the users populate their cache memories inde-
pendently, i.e., the placement phase is decentralized. Despite
lack of coordination, the server is able to create multicast
transmissions and the resulting delivery load is close to the
centralized delivery load in [1] for large networks. Several
other network architectures with caching capabilities have also
been considered, such as two-hop networks [5], device-to-
device (D2D) networks [6], and interference networks [7], [8].

Today’s networks contain variety of devices at end users,
e.g., laptops, smart phones, etc., with varying storage ca-
pabilities, which in turn motivates considering the realistic
model where the end users have heterogeneous cache sizes.
Reference [3] has extended the decentralized scheme in [2]
to systems with heterogeneous cache sizes. Reference [4] has
proposed a group-based delivery scheme that achieves lower
delivery load for systems where the number of users is greater

Fig. 1: Caching system with heterogeneous cache sizes.

than the number of files. For centralized caching however, the
scheme in [1] cannot be directly extended to the setup with
heterogeneous cache sizes. Thus, a new scheme is needed.

In this paper, we tackle this challenge and propose a cen-
tralized coded caching scheme in systems with heterogeneous
cache sizes. We formulate and solve the optimization problem
over the parameters of the cache placement and delivery
schemes, in order to minimize the worst-case delivery load.
We consider the set of feasible placement policies, 𝔄, under
the uncoded prefetching assumption [9], i.e., the users cache
uncoded pieces of the files. For given cache contents, we
consider the set of delivery schemes, 𝔇, that includes all
possible unicast/multicast transmissions, and guarantees that
the users’ requests will be satisfied. For the case where library
size is larger than or equal to accumulated users’ cache
sizes, we derive the explicit caching scheme that yields the
optimal worst-case delivery load under uncoded prefetching
𝑅∗

𝔄. Finally, we compare the delivery load of our scheme with
the lower bounds in [3], [4].

Notation: Vectors are represented by boldface letters, sets
of policies are represented by calligraphic letters, e.g., 𝔄, ⊕
refers to bitwise XOR operation, ∣𝑊 ∣ denotes cardinality of
𝑊 , {} denotes the empty set, [𝐾] := {1, . . . ,𝐾}, and 2[𝐾]

denotes the power set of [𝐾].

II. SYSTEM MODEL

We consider the caching system shown in Fig. 1, where
a single server is connected to 𝐾 users via a shared error-
free multicast link [1]. A library {𝑊1, . . . ,𝑊𝑁} of 𝑁 files,
each with size 𝐹 bits, is stored at the server. We consider a
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heterogeneous system, where user 𝑘 is equipped with a cache
memory of size 𝑀𝑘𝐹 bits, i.e., 𝑀𝑘 is the memory size of user
𝑘 normalized by the file size. Without loss of generality, we
assume that 𝑀1 ≤ 𝑀2 ≤ ⋅ ⋅ ⋅ ≤ 𝑀𝐾 . Additionally, we define
𝑚𝑘 = 𝑀𝑘/𝑁 to denote the memory size of user 𝑘 normalized
by the library size 𝑁𝐹 , i.e., 𝑚𝑘 ∈ [0, 1] for 𝑀𝑘 ∈ [0, 𝑁 ].
The cache size vector is denoted by 𝑴 = [𝑀1, . . . ,𝑀𝐾 ]
and its normalized version by the library size is denoted by
𝒎 = [𝑚1, . . . ,𝑚𝐾 ]. We focus on the case, where the number
of files is at least as many as the number of users, i.e., 𝑁 ≥ 𝐾.

The system operates over two phases: placement phase and
delivery phase. In the placement phase, the server populates
the users’ cache memories without the knowledge of users’
demands that will be made in the delivery phase. In particular,
user 𝑘 stores a subset 𝑍𝑘 of the files library, subject to its
cache size constraint. In the delivery phase, user 𝑘 requests a
file 𝑊𝑑𝑘

from the server. The users’ demands are uniform and
independent, i.e., the demand vector 𝒅 = [𝑑1, . . . , 𝑑𝐾 ] consists
of identical and independent uniform random variables over
the files as in [1]. In order to serve the users’ demands, the
server transmits a sequence of unicast/multicast signals, 𝑋𝒯 ,𝒅,
to the users in 𝒯 ∈ 2[𝐾] − {}, which represent all possible
transmission sets. Define the transmission variable 𝑣𝒯 ∈ [0, 1]
which represents the fraction of the file delivered to the users
in 𝒯 via 𝑋𝒯 ,𝒅. Thus, 𝑋𝒯 ,𝒅 has length 𝑣𝒯 𝐹 bits. At the end
of the delivery phase, user 𝑘 must be able to decode �̂�𝑑𝑘

reliably. Formally, we have the following definition.

Definition 1. For a given normalized cache size vector 𝒎,
the delivery load 𝑅(𝒎) is said to be achievable if for every
𝜖 > 0 and large enough 𝐹 , there exists a caching scheme such
that max𝒅,𝑘∈[𝐾] 𝑃𝑟(�̂�𝑑𝑘

∕= 𝑊𝑑𝑘
) ≤ 𝜖. Moreover, the infimum

over all achievable delivery loads is denoted by 𝑅∗(𝒎). ■
In this work, we focus on uncoded prefetching where the

users cache uncoded bits [9]. We also have that user 𝑘 divides
its cache size 𝑀𝑘𝐹 equally over the files, since the demand
is uniform, dedicating 𝑚𝑘𝐹 bits to each file. We denote this
class of cache placement policies by 𝔄. We denote the set of
all delivery policies by 𝔇.

Definition 2. Under a placement policy in 𝔄, and any de-
livery policy in 𝔇, the worst-case delivery load is defined
as 𝑅𝔄,𝔇 := max𝒅 𝑅𝒅,𝔄,𝔇 =

∑
𝒯 ∈2[𝐾]−{} 𝑣𝒯 . Moreover, by

taking the infimum over all caching schemes, we get 𝑅∗
𝔄. ■

III. CACHING MODEL: THE THREE-USER CASE

For clarity of exposition, we first develop cache placement
and delivery schemes for three users, i.e., 𝐾 = 3. We then
generalize to 𝐾 > 3.

A. Placement Phase

Each file 𝑊𝑙 is partitioned into 23 disjoint subfiles, which
are labeled by the users storing them, as shown in Fig. 2.
�̃�𝑙,𝒮 denotes the subfile stored at the users in 𝒮 . For example,
�̃�𝑙,{1,2} is stored at users 1 and 2, and �̃�𝑙,{} is not stored at
any user. The set of all possible allocation sets is the power set
of {1, 2, 3}. We assume that subfile sizes are the same for all

Fig. 2: The partitions of file 𝑊𝑙 over the storage sets.

files, i.e., ∣�̃�𝑙,𝒮 ∣ = 𝑎𝒮𝐹 bits, ∀𝑙 ∈ [𝑁 ], where the allocation
variable 𝑎𝒮 ∈ [0, 1] is the fraction of the file stored at 𝒮 .
Hence, the cache content of user 𝑘 is given by

𝑍𝑘 =
∪

𝑙∈[𝑁 ]

∪
𝒮∈2[𝐾] : 𝑘∈𝒮

�̃�𝑙,𝒮 .

Moreover, the sets 𝒮 ∈ 2[𝐾] define a partition of each file 𝑊𝑙,
see Fig. 2. We have

𝑎{}+𝑎{1}+𝑎{2}+𝑎{3}+𝑎{1,2}+𝑎{1,3}+𝑎{2,3}+𝑎{1,2,3}=1. (1)

The fact that user 𝑘 dedicates 𝑚𝑘𝐹 bits of its cache memory
to each file, implies that the cache sizes constraints can be
expressed as follows

𝑎{1} + 𝑎{1,2} + 𝑎{1,3} + 𝑎{1,2,3} ≤ 𝑚1, (2)

𝑎{2} + 𝑎{1,2} + 𝑎{2,3} + 𝑎{1,2,3} ≤ 𝑚2, (3)

𝑎{3} + 𝑎{1,3} + 𝑎{2,3} + 𝑎{1,2,3} ≤ 𝑚3. (4)

Consequently, for 𝐾 = 3, the set of feasible cache placement
schemes is characterized by 𝑎𝒮 ,𝒮 ∈ 2[𝐾] that satisfy (1)-(4).

B. Delivery Phase

Recall from Section II that 𝑋𝒯 ,𝒅 is transmitted to the users
in 𝒯 . At the end of transmission, user 𝑘 must be able to
reconstruct 𝑊𝑑𝑘

from 𝑋𝒯 ,𝒅, 𝑘∈𝒯 and its cache content 𝑍𝑘.
1) Structure of 𝑋𝒯 ,𝒅: The multicast signals are formed by

XORing file pieces of equal size. For example, the multicast
signal 𝑋{1,2},𝒅 =𝑊

{1,2}
𝑑1

⊕ 𝑊
{1,2}
𝑑2

, where 𝑊
{1,2}
𝑑𝑗

⊂ 𝑊𝑑𝑗
,

and ∣𝑊 {1,2}
𝑑1

∣ = ∣𝑊 {1,2}
𝑑2

∣ = 𝑣{1,2}𝐹 bits. Similarly, we have

𝑋{1,3},𝒅 = 𝑊
{1,3}
𝑑1

⊕ 𝑊
{1,3}
𝑑3

,

𝑋{2,3},𝒅 = 𝑊
{2,3}
𝑑2

⊕ 𝑊
{2,3}
𝑑3

,

𝑋{1,2,3},𝒅 = 𝑊
{1,2,3}
𝑑1

⊕ 𝑊
{1,2,3}
𝑑2

⊕ 𝑊
{1,2,3}
𝑑3

.

Additionally, a unicast transmission delivers the fraction of
the requested file that is not available at the user’s local cache
and will not be delivered by the multicast transmissions. For
example, the unicast transmission to user 1 is given by

𝑋{1},𝒅 = 𝑊𝑑1
−

∪
𝒮:1∈𝒮

�̃�𝑑1,𝒮 −𝑊 {1,2}
𝑑1

∪
𝑊

{1,3}
𝑑1

∪
𝑊

{1,2,3}
𝑑1

,



where
∪

𝒮:1∈𝒮 �̃�𝑑1,𝒮 is the fraction of the requested file 𝑊𝑑1

available locally at user 1 and 𝑊
{1,2}
𝑑1

∪
𝑊

{1,3}
𝑑1

∪
𝑊

{1,2,3}
𝑑1

is
delivered to user 1 via multicast transmissions. Similarly, the
remaining unicast signals are given by

𝑋{2},𝒅 = 𝑊𝑑2
−

∪
𝒮:2∈𝒮

�̃�𝑑2,𝒮 −𝑊 {1,2}
𝑑2

∪
𝑊

{2,3}
𝑑2

∪
𝑊

{1,2,3}
𝑑2

,

𝑋{3},𝒅 = 𝑊𝑑3
−

∪
𝒮:3∈𝒮

�̃�𝑑3,𝒮 −𝑊 {1,3}
𝑑3

∪
𝑊

{2,3}
𝑑3

∪
𝑊

{1,2,3}
𝑑3

.

2) Construction of 𝑊 𝒯
𝑑𝑗

: In order to ensure that each user in
𝒯 −{𝑗} is able to cancel 𝑊 𝒯

𝑑𝑗
from 𝑋𝒯 ,𝒅, 𝑊 𝒯

𝑑𝑗
is constructed

from the subfiles cached by all the users in 𝒯 − {𝑗}, i.e.,
subfiles �̃�𝑑𝑗 ,𝒮 where 𝒯 − {𝑗} ⊂ 𝒮 and 𝑗 ∕∈ 𝒮 . In particular,
𝑊 𝒯

𝑑𝑗
is formed from the pieces 𝑊 𝒯

𝑑𝑗 ,𝒮 , i.e., the subsets of
𝑊 𝒯

𝑑𝑗
that are stored at the users in 𝒮 . For example, the pieces

composing 𝑋{1,2} are defined by

𝑊
{1,2}
𝑑1

=𝑊
{1,2}
𝑑1,{2}

∪
𝑊

{1,2}
𝑑1,{2,3},𝑊

{1,2}
𝑑2

=𝑊
{1,2}
𝑑2,{1}

∪
𝑊

{1,2}
𝑑2,{1,3}.

Similarly, the remaining pieces are defined by

𝑊
{1,3}
𝑑1

= 𝑊
{1,3}
𝑑1,{3}

∪
𝑊

{1,3}
𝑑1,{2,3}, 𝑊

{1,2,3}
𝑑1

= 𝑊
{1,2,3}
𝑑1,{2,3},

𝑊
{1,3}
𝑑3

= 𝑊
{1,3}
𝑑3,{1}

∪
𝑊

{1,3}
𝑑3,{1,2}, 𝑊

{1,2,3}
𝑑2

= 𝑊
{1,2,3}
𝑑2,{1,3},

𝑊
{2,3}
𝑑2

= 𝑊
{2,3}
𝑑2,{3}

∪
𝑊

{2,3}
𝑑2,{1,3}, 𝑊

{1,2,3}
𝑑3

= 𝑊
{1,2,3}
𝑑3,{1,2},

𝑊
{2,3}
𝑑3

= 𝑊
{2,3}
𝑑3,{2}

∪
𝑊

{2,3}
𝑑3,{1,2}.

Define the assignment variable 𝑢𝒯
𝒮 ∈ [0, 𝑎𝒮 ] to represent

the fraction of �̃�𝑑𝑗 ,𝒮 involved in 𝑋𝒯 ,𝒅, i.e., ∣𝑊 𝒯
𝑑𝑗 ,𝒮 ∣ = 𝑢𝒯

𝒮 𝐹
bits. Thus, each subfile �̃�𝑑𝑗 ,𝒮 is partitioned into 𝑊 𝒯

𝑑𝑗 ,𝒮 , and

𝑊
{}
𝑑𝑗 ,𝒮 which denotes the remaining piece. We have

�̃�𝑑3,{1,2} = 𝑊
{1,3}
𝑑3,{1,2}

∪
𝑊

{2,3}
𝑑3,{1,2}

∪
𝑊

{1,2,3}
𝑑3,{1,2}

∪
𝑊

{}
𝑑3,{1,2},

�̃�𝑑2,{1,3} = 𝑊
{1,2}
𝑑2,{1,3}

∪
𝑊

{2,3}
𝑑2,{1,3}

∪
𝑊

{1,2,3}
𝑑2,{1,3}

∪
𝑊

{}
𝑑2,{1,3},

�̃�𝑑1,{2,3} = 𝑊
{1,2}
𝑑1,{2,3}

∪
𝑊

{2,3}
𝑑1,{2,3}

∪
𝑊

{1,2,3}
𝑑1,{2,3}

∪
𝑊

{}
𝑑1,{2,3}.

3) Delivery phase constraints: Recall that we have defined
the transmission variable, 𝑣𝒯 ∈ [0, 1] as ∣𝑋𝒯 ,𝒅∣/𝐹 in Section
II. We now describe the delivery scheme by constraints on
the transmission variables 𝑣𝒯 , and the assignment variables
𝑢𝒯
𝒮 defined above in 2). First, in order to satisfy the users’

demands, the signals sent by the server must complete the file
requested by each user, which is represented by the following
delivery constraints

𝑣{1} + 𝑣{1,2} + 𝑣{1,3} + 𝑣{1,2,3} ≥ 1−𝑚1, (5)

𝑣{2} + 𝑣{1,2} + 𝑣{2,3} + 𝑣{1,2,3} ≥ 1−𝑚2, (6)

𝑣{3} + 𝑣{1,3} + 𝑣{2,3} + 𝑣{1,2,3} ≥ 1−𝑚3. (7)

That is, 𝑚𝑘 represents the local caching gain. Moreover,
the structure of the transmitted pieces imposes the following
constraints

𝑣{1,2} = 𝑢
{1,2}
{2} + 𝑢

{1,2}
{2,3} = 𝑢

{1,2}
{1} + 𝑢

{1,2}
{1,3}, (8)

𝑣{1,3} = 𝑢
{1,3}
{3} + 𝑢

{1,3}
{2,3} = 𝑢

{1,3}
{1} + 𝑢

{1,3}
{1,2}, (9)

Fig. 3: The relation between transmission, allocation, and
assignment variables.

𝑣{2,3} = 𝑢
{2,3}
{3} + 𝑢

{2,3}
{1,3} = 𝑢

{2,3}
{2} + 𝑢

{2,3}
{1,2}, (10)

𝑣{1,2,3} = 𝑢
{1,2,3}
{2,3} = 𝑢

{1,2,3}
{1,3} = 𝑢

{1,2,3}
{1,2} . (11)

The relationship between 𝑣𝒯 , the allocation variables, 𝑎𝒮 ,
and the assignment variables, 𝑢𝒯

𝒮 , is further illustrated in Fig.
3. We observe that the transmission variable 𝑣{1,2} is limited
by the amount of side information stored at user 1 and not
available at user 2, i.e., 𝑎{1} + 𝑎{1,3}, and the amount of
side information stored at user 2 and not available at user
1, i.e., 𝑎{2}+𝑎{2,3}. Additionally, 𝑣{1,2} and 𝑣{1,2,3} are both
limited by 𝑎{1,3} and 𝑎{2,3}. Hence, we have the following
side information constraints

𝑣{1,2} + 𝑣{1,2,3} ≤ 𝑎{1} + 𝑎{1,3}, (12)

𝑣{1,2} + 𝑣{1,2,3} ≤ 𝑎{2} + 𝑎{2,3}. (13)

Similarly, the other side information constraints are given by

𝑣{1,3} + 𝑣{1,2,3} ≤ 𝑎{1} + 𝑎{1,2}, (14)

𝑣{1,3} + 𝑣{1,2,3} ≤ 𝑎{3} + 𝑎{2,3}, (15)

𝑣{2,3} + 𝑣{1,2,3} ≤ 𝑎{2} + 𝑎{1,2}, (16)

𝑣{2,3} + 𝑣{1,2,3} ≤ 𝑎{3} + 𝑎{1,3}. (17)

Moreover, subfile �̃�𝑑3,{1,2} can be utilized in the multicast
transmissions that include user 3, i.e., 𝑋{1,3},𝒅, 𝑋{2,3},𝒅,
𝑋{1,2,3},𝒅. The following constraint prevents transmitting re-
dundant bits to user 3

𝑢
{1,3}
{1,2} + 𝑢

{2,3}
{1,2} + 𝑢

{1,2,3}
{1,2} ≤ 𝑎{1,2}. (18)

Similarly, the constraints that prevent transmitting redundant
bits to users 1 and 2 are given by

𝑢
{1,2}
{1,3} + 𝑢

{2,3}
{1,3} + 𝑢

{1,2,3}
{1,3} ≤ 𝑎{1,3}, (19)

𝑢
{1,2}
{2,3} + 𝑢

{1,3}
{2,3} + 𝑢

{1,2,3}
{2,3} ≤ 𝑎{2,3}. (20)

In summary, given the allocation variables, the set of feasible
delivery schemes, i.e., schemes that satisfy all users’ requests,



in a three-user system, is characterized by (5)-(20), 0 ≤ 𝑢𝒯
𝒮 ≤

𝑎𝒮 , and 0 ≤ 𝑣𝒯 ≤ 1.

IV. CACHING MODEL: THE 𝐾-USER CASE

In this section, we generalize the cache placement and
delivery schemes to systems with 𝐾 users.

A. Placement phase

In the general case, each file 𝑊𝑙 is partitioned into 2𝐾

subfiles, and the set of feasible cache placement policies for
a given 𝒎, 𝔄(𝒎), is defined as{
𝒂 ∈ [0, 1]2

𝐾

∣∣∣∣
∑

𝒮∈2[𝐾]

𝑎𝒮 = 1,
∑

𝒮∈2[𝐾] : 𝑘∈𝒮
𝑎𝒮 ≤ 𝑚𝑘, ∀𝑘 ∈ [𝐾]

}
, (21)

where the allocation vector 𝒂 represents the collection of
allocation variables 𝑎𝒮 , 𝒮 ∈ 2[𝐾]. The cache placement
procedure is summarized in Algorithm 1, for a given allocation
vector 𝒂 ∈ 𝔄(𝒎).

Algorithm 1 Cache placement procedure

Input: {𝑊1, . . . ,𝑊𝑁} and 𝒂
Output: 𝑍𝑘, 𝑘 ∈ [𝐾]

1: for 𝑙 ∈ [𝑁 ] do
2: Partition file 𝑊𝑙 into subfiles �̃�𝑙,𝒮 ,𝒮 ∈ 2[𝐾] such that

∣�̃�𝑙,𝒮 ∣ = 𝑎𝒮𝐹 .
3: end for
4: for 𝑘 ∈ [𝐾] do
5: 𝑍𝑘 ←

∪
𝑙∈[𝑁 ]

∪
𝒮∈2[𝐾] : 𝑘∈𝒮 �̃�𝑙,𝒮

6: end for

B. Delivery phase

In general, 𝑋𝒯 ,𝒅 = ⊕𝑗∈𝒯 𝑊 𝒯
𝑑𝑗
, where ∣𝑊 𝒯

𝑑𝑗
∣ = 𝑣𝒯 𝐹 bits,

∀𝑗 ∈ 𝒯 . Additionally, a multicast transmission to the users in
𝒯 is constrained by the side information stored at the sets

ℬ𝒯𝑗 :=
{
𝒮 ∈ 2[𝐾] : 𝒯 −{𝑗} ⊂ 𝒮, 𝑗 ∕∈ 𝒮

}
, ∀𝑗 ∈ 𝒯 , (22)

where ℬ𝒯𝑗 represents the sets containing the side information
stored at 𝒯 − {𝑗} and not available at user 𝑗. The set of all
storage sets related to 𝒯 is denoted by

ℬ𝒯 :=
∪
𝑗∈𝒯
ℬ𝒯𝑗 . (23)

Moreover, for ∣𝒯 ∣ ≥ 2, each piece 𝑊 𝒯
𝑑𝑗

is partitioned over the
sets 𝒮 ∈ ℬ𝒯𝑗 , i.e.,

𝑊 𝒯
𝑑𝑗

=
∪

𝒮∈ℬ𝒯
𝑗

𝑊 𝒯
𝑑𝑗 ,𝒮 , (24)

where ∣𝑊 𝒯
𝑑𝑗 ,𝒮 ∣ = 𝑢𝒯

𝒮 𝐹 bits.
For given 𝒎 and 𝒂, the set of feasible delivery schemes is

denoted by 𝔇(𝒎,𝒂), and characterized by the transmission
and assignment variables that satisfy the following conditions∑

𝒮∈ℬ𝒯
𝑗

𝑢𝒯
𝒮 = 𝑣𝒯 , ∀𝒯 ∈ 2[𝐾] − {}, ∀ 𝑗 ∈ 𝒯 , (25)

Algorithm 2 Delivery procedure

Input: 𝒅,𝒂,𝒖,𝒗, and �̃�𝑙,𝒮 ,𝒮 ∈ 2[𝐾], 𝑙 ∈ [𝑁 ]
Output: 𝑋𝒯 ,𝒅, 𝒯 ∈ 2[𝐾] − {}
{Partitioning}

1: for {𝒮 ∈ 2[𝐾] : 1 ≤ ∣𝒮∣ ≤ 𝐾 − 1} do
2: for {𝑗 ∈ [𝐾] : 𝑗 ∕∈ 𝒮} do
3: Partition �̃�𝑑𝑗 ,𝒮 into 𝑊 𝒯

𝑑𝑗 ,𝒮 ,
{𝒯 ∈ 2[𝐾] : 𝑗 ∈ 𝒯 , 𝒯 ∩

𝒮 ∕= {}}, such that ∣𝑊 𝒯
𝑑𝑗 ,𝒮 ∣ = 𝑢𝒯

𝒮 𝐹 and 𝑊
{}
𝑑𝑗 ,𝒮 is

the remaining segment.
4: end for
5: end for
{Delivery scheme}

6: for 𝒯 ∈ 2[𝐾] − {} do
7: if 𝒯 = {𝑗} then
8: 𝑊

{𝑗}
𝑑𝑗

:= 𝑊𝑑𝑗
−∪

𝒮:𝑗∈𝒮 �̃�𝑑𝑗 ,𝒮 −
∪

𝒯 ′
∪

𝒮 𝑊 𝒯 ′
𝑑𝑗 ,𝒮

9: 𝑋{𝑗},𝒅 ←𝑊
{𝑗}
𝑑𝑗
{Unicast transmissions}

10: else
11: 𝑊 𝒯

𝑑𝑗
:=

∪
𝒮∈ℬ𝒯

𝑗
𝑊 𝒯

𝑑𝑗 ,𝒮
12: 𝑋𝒯 ,𝒅 ← ⊕𝑗∈𝒯 𝑊 𝒯

𝑑𝑗
{Multicast transmissions}

13: end if
14: end for

∑
𝒯 ∈2[𝐾]−{} : 𝑘∈𝒯

𝑣𝒯 ≥ 1−𝑚𝑘, ∀ 𝑘 ∈ [𝐾], (26)

∑
𝒯 ∈2[𝐾]−{} : {𝑗}∪𝒮′⊂𝒯

𝑣𝒯 ≤
∑

𝒮∈2[𝐾]: 𝒮′⊂𝒮,𝑗 ∕∈𝒮
𝑎𝒮 , ∀𝑗 ∕∈ 𝒮 ′,

∀ 𝒮 ′ ∈
{
𝒮 ∈ 2[𝐾] : 1 ≤ ∣𝒮∣ ≤ 𝐾 − 2

}
, (27)∑

𝒯 ∈2[𝐾]−{} : 𝑗∈𝒯 ,𝒯 ∩𝒮∕={},∣𝒯 ∣≤∣𝒮∣+1

𝑢𝒯
𝒮 ≤ 𝑎𝒮 , ∀ 𝑗 ∕∈ 𝒮,

∀ 𝒮 ∈
{
𝒮 ∈ 2[𝐾] : 2 ≤ ∣𝒮∣ ≤ 𝐾 − 1

}
, (28)

0 ≤ 𝑢𝒯
𝒮 ≤ 𝑎𝒮 , ∀ 𝒯 ∈ 2[𝐾] − {}, ∀ 𝒮 ∈ ℬ𝒯 , (29)

0 ≤ 𝑣𝒯 ≤ 1, ∀ 𝒯 ∈ 2[𝐾] − {}. (30)

The delivery scheme is summarized in Algorithm 2, for given
allocation (𝒂), assignment (𝒖), and transmission vectors (𝒗).

V. OPTIMIZATION AND PERFORMANCE

In Sections III-A and IV-A, we have illustrated that a
cache placement policy is completely characterized by the
allocation vector 𝒂, which represents the fraction of files
stored exclusively at each subset of users 𝒮 ⊂ [𝐾]. Sections
III-B and IV-B have demonstrated that a delivery scheme is
characterized by the pair (𝒖,𝒗), where the size and structure
of the transmitted signals are represented by the transmission
vector 𝒗 and the assignment vector 𝒖, respectively. Next, we
formulate an optimization problem to minimize the worst-case
delivery load, i.e., the sum of transmission variables, by jointly
optimizing the cache placement and delivery schemes.

A. Optimizing the Caching Scheme

For a given normalized memory vector 𝒎, the following
optimization problem characterizes the minimum worst-case



delivery load 𝑅∗
𝔄,𝔇(𝒎) and the optimal caching scheme, i.e.,

the optimal values for 𝒂, 𝒗, and 𝒖.

O1: min
𝒂,𝒖,𝒗

∑
𝒯 ∈2[𝐾]−{}

𝑣𝒯 (31a)

subject to 𝒂 ∈ 𝔄(𝒎), (31b)

(𝒖,𝒗) ∈ 𝔇(𝒎,𝒂), (31c)

where 𝔄(𝒎) is the set of feasible allocation vectors defined in
(21) and 𝔇(𝒎,𝒂) is the set of feasible assignment and trans-
mission vectors defined by (25)-(30). Note that 𝑅∗

𝔄,𝔇(𝒎) ≥
𝑅∗

𝔄(𝒎) ≥ 𝑅∗(𝒎), where 𝑅∗, 𝑅∗
𝔄 are defined in Section II.

Remark 1. In the case of equal cache sizes, 𝑅∗
𝔄,𝔇(𝒎) is

equal to the worst-case delivery of the MaddahAli-Niesen
caching scheme in [1], which was shown to be optimal for
uncoded prefetching in [9]. Moreover, the solution obtained
from the optimization problem is equivalent to the memory
sharing solution proposed in [1]. ■

In order to evaluate the performance of the proposed caching
scheme, we compare 𝑅∗

𝔄,𝔇(𝒎) to the following lower bound
on 𝑅∗(𝒎) which is derived in [4]. For given 𝐾, 𝑁 , 𝑴 , and
𝑀1 ≤ ⋅ ⋅ ⋅ ≤𝑀𝐾 , 𝑅∗ is lower bounded by

max
𝑠∈[𝐾], 𝑙∈[⌈𝑁

𝑠 ⌉]

𝑁 − (𝑁−𝐾𝑙)+

𝑙
− 𝑠

∑𝑠+𝛾
𝑖=1 𝑀𝑖 + 𝛾(𝑁−𝑙𝑠)+

𝑙(𝑠+𝛾)
,

(32)

where 𝛾 :=min
{(⌈𝑁𝑙 ⌉ − 𝑠

)+
,𝐾 − 𝑠

}
, and (𝑥)+:=max{0, 𝑥}.

This bound is tighter than the cut-set bound [3], given by

max
𝑠∈[min{𝐾,𝑁}]

{
𝑠− 𝑁

∑𝑠
𝑖=1 𝑚𝑖

⌊𝑁/𝑠⌋
}
. (33)

B. Special Case:
∑𝐾

𝑖=1 𝑚𝑖 ≤ 1

For the case where the sum of the cache sizes is less than or
equal to the library size, i.e.,

∑𝐾
𝑖=1 𝑚𝑖 ≤ 1, we characterize

explicitly the optimal solution of (31) as follows.

Proposition 1. For
∑𝐾

𝑖=1 𝑚𝑖 ≤ 1 and 𝑚1 ≤ ⋅ ⋅ ⋅ ≤ 𝑚𝐾 , the
minimum worst-case delivery load is given by

𝑅∗
𝔄,𝔇(𝒎) = 𝐾 −

𝐾∑
𝑗=1

(𝐾 − 𝑗 + 1)𝑚𝑗 ,

where 𝑎∗{𝑗} = 𝑚𝑗 , 𝑣∗{𝑗} = 1 −∑𝑗−1
𝑖=1 𝑚𝑖 − (𝐾 − 𝑗 + 1)𝑚𝑗 ,

and 𝑣∗{𝑖,𝑗} = 𝑢
∗{𝑖,𝑗}
{𝑖} = 𝑢

∗{𝑖,𝑗}
{𝑗} = min{𝑎∗{𝑖}, 𝑎∗{𝑗}}. ■

Proof. (Outline) The sum of the constraints in (26) gives

𝑅𝔄,𝔇(𝒎) ≥ 𝐾 −
𝐾∑
𝑖=1

𝑚𝑖 −
∑

𝒯 ∈2[𝐾]−{}:∣𝒯 ∣≥2

(∣𝒯 ∣ − 1) 𝑣𝒯 ,

≥ 𝐾 −
𝐾∑
𝑗=1

(𝐾 − 𝑗 + 1)𝑚𝑗 ,

since
∑

𝒯 ∈2[𝐾]−{}:∣𝒯 ∣≥2 (∣𝒯 ∣ − 1) 𝑣𝒯 ≤
∑𝐾

𝑗=1(𝐾 − 𝑗) 𝑚𝑗 ,

for 𝑚1 ≤ ⋅ ⋅ ⋅ ≤ 𝑚𝐾 . Moreover, for
∑𝐾

𝑖=1 𝑚𝑖 ≤ 1, 𝑎∗𝒮 , 𝑣∗𝒯 ,
and 𝑢∗𝒯𝒮 , represent a feasible solution that achieves the lower
bound, i.e., 𝑅∗

𝔄,𝔇(𝒎) = 𝐾 −∑𝐾
𝑗=1(𝐾 − 𝑗 + 1)𝑚𝑗 .

Using the genie-aided approach in [9], we can show that
𝑅∗

𝔄(𝒎) = 𝑅∗
𝔄,𝔇(𝒎), which means that the caching scheme

in Proposition 1 is optimal under uncoded prefetching.

Proposition 2. For
∑𝐾

𝑖=1 𝑚𝑖 ≤ 1 and 𝑚1 ≤ ⋅ ⋅ ⋅ ≤ 𝑚𝐾 ,

𝑅∗
𝔄(𝒎) ≥ 𝐾 −

𝐾∑
𝑗=1

(𝐾 − 𝑗 + 1)𝑚𝑗 , (34)

which implies 𝑅∗
𝔄(𝒎) = 𝑅∗

𝔄,𝔇(𝒎). ■
Proof. (Outline) From the genie-aided approach in [9], we get

𝑅∗
𝔄(𝒎) ≥ min

𝒂∈𝔄(𝒎)

𝐾∑
𝑗=1

∑
𝒮∈2[𝐾]: {1,...,𝑗}∩𝒮={}

𝒂𝒮 ,

= min
𝒂∈𝔄(𝒎)

𝐾𝑎{}+
𝐾−1∑
𝑗=1

𝑗
∑

𝒮∈2[𝐾]: {𝑗+1}∈𝒮,{1,...,𝑗}∩𝒮={}
𝒂𝒮 ,

and (34) is obtained by solving the dual linear program.

C. Discussion

In our proposed scheme, we have formed 𝑋𝒯 ,𝒅 by using
file pieces of equal size. Next, we remark that this restriction
does not lead to a performance degradation.

Remark 2. A delivery scheme with �̃�𝒯 ,𝒅 = ⊕𝑗∈𝒯 𝜑𝑣𝒯
(
𝑊 𝒯

𝑑𝑗

)
,

where 𝜑𝑣𝒯 (.) pads zeros to subfiles with size less than 𝑣𝒯 𝐹
bits, is equivalent to a delivery scheme in 𝔇 and both
yield the same delivery load. For example, a multicast signal
�̃�{1,2},𝒅 = 𝜑𝑣{1,2}

(
𝑊

{1,2}
𝑑1,{2}

) ⊕ 𝜑𝑣{1,2}

(
𝑊

{1,2}
𝑑2,{1}

)
, where

𝑎{2} > 𝑎{1} and 𝜑𝑣{1,2}(.) appends 𝑎{2} − 𝑎{1} zeros to

𝑊
{1,2}
𝑑2,{1}, is equivalent to a multicast signal 𝑋{1,2},𝒅 and a uni-

cast signal 𝑋{2},𝒅, with sizes 𝑎{1}𝐹 bits, and
(
𝑎{2} − 𝑎{1}

)
𝐹

bits, respectively. ■
Utilizing Remark 2 enables us to provide the following

proposition comparing the performance of our propose scheme
to that of the decentralized scheme in [3].

Proposition 3. For given 𝑁,𝐾,𝒎 and 𝑚1 ≤ ⋅ ⋅ ⋅ ≤ 𝑚𝐾 ,

𝑅∗
𝔄,𝔇(𝒎) ≤ 𝑅dec(𝒎) =

𝐾∑
𝑖=1

𝑖∏
𝑗=1

(1−𝑚𝑗) . (35)

■
Proof. The decentralized placement scheme [3] is represented
by 𝑎𝒮 =

∏
𝑖∈𝒮 𝑚𝑖

∏
𝑖∈𝒮𝑐(1 −𝑚𝑖), which belongs to 𝔄. The

decentralized delivery scheme [3] is equivalent to a delivery
scheme in 𝔇 by Remark 2. Thus, the decentralized scheme in
[3] is a feasible (but not necessarily optimal) solution to the
optimization problem in (31).

VI. NUMERICAL RESULTS

In this section, we first present a numerical example that
explains how to interpret the solution of the optimization



Fig. 4: Illustration of the optimal solution of (31) for a three-
user system with cache sizes 𝑚 = [0.3, 0.4, 0.6].

problem in (31). Then, we compare numerically the central-
ized delivery load obtained from (31) with the decentralized
delivery load and the existing lower bounds.

Example 1. Consider a caching system with 𝐾 = 𝑁 = 3, and
𝑴 = [0.9, 1.2, 1.8], i.e., 𝒎 = [0.3, 0.4, 0.6]. The caching
scheme obtained from (31), is characterized as follows.
Placement phase: Every file 𝑊 (𝑙) is divided into five subfiles,
such that 𝑎{1} = 0.1958, 𝑎{2} = 0.2042, 𝑎{3} = 0.3, 𝑎{2,3} =
0.1958, and 𝑎{1,3}=0.1042, as shown in Fig. 4.
Delivery phase: We have the following transmissions

1) 𝑋{1,2},𝒅 delivers the pieces corresponding to 𝑢
{1,2}
{2} =

0.17457, 𝑢
{1,2}
{2,3} = 0.12543 to user 1, and 𝑢

{1,2}
{1} =

0.1958, 𝑢{1,2}
{1,3} = 0.1042 to user 2, i.e., 𝑣{1,2}=0.3.

2) 𝑋{1,3},𝒅 delivers the pieces corresponding to 𝑢
{1,3}
{3} =

0.15265, 𝑢
{1,3}
{2,3} = 0.04315 to user 1, and 𝑢

{1,3}
{1} =

0.1958 to user 3, i.e., 𝑣{1,3} = 0.1958.

3) 𝑋{2,3},𝒅 delivers the piece corresponding to 𝑢
{2,3}
{3} =

0.2024 to user 2, and the piece corresponding to
𝑢
{2,3}
{2} = 0.2024 to user 3, i.e., 𝑣{2,3} = 0.2024.

4) The unicast transmissions to users 1 and 2 are repre-
sented by 𝑣{1}=0.2024 and 𝑣{2}=0.0958, respectively.

At the end of transmission, user 𝑘 is able to decode file 𝑊𝑑𝑘
,

and the minimum worst-case delivery load 𝑅∗
𝔄,𝔇(𝒎) = 1. The

breakdown of the requested files is illustrated in Fig. 4. ■

In Fig. 5, we compare the centralized delivery load
𝑅∗

𝔄,𝔇(𝒎), with the decentralized delivery load 𝑅dec(𝒎), the
lower bound in (32), the cut-set bound in (33), and the genie-
aided bound for uncoded prefetching in (34), for 𝐾 = 4, and
𝑚𝑘 = 0.94−𝑘 𝑚4. We observe that 𝑅∗

𝔄,𝔇(𝒎) coincides with
the genie-aided lower bound for

∑4
𝑘=1 𝑚𝑘 ≤ 1. Moreover,

𝑅∗
𝔄,𝔇(𝒎) coincides with the cut-set bound for large memo-

ries, and 𝑅∗
𝔄,𝔇(𝒎) ≤ 𝑅dec(𝒎).
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Fig. 5: Comparing 𝑅∗
𝔄,𝔇(𝒎), 𝑅dec(𝒎), cut-set and genie-

aided lower bounds, for 𝐾 = 4, and 𝑚𝑘 = 0.9𝑚𝑘+1.

VII. CONCLUSIONS

In this paper, we have considered a centralized coded
caching system with heterogeneous cache sizes. We have
proposed a caching scheme taking into account the unequal
cache sizes. We have put forward an optimization framework
for minimizing the worst-case delivery load by optimizing the
parameters of the caching scheme, for given cache memory
sizes. We have shown that our caching scheme is optimal under
uncoded prefetching for

∑𝐾
𝑘=1 𝑚𝑘 ≤ 1. We have illustrated

the caching scheme by a numerical example and compared
our centralized delivery load with the decentralized delivery
load derived in [3], and the lower bounds in [3], [4].

This work is a step towards developing caching schemes
for systems with practical considerations, such as wireless
systems where the users have distinct download rates and
non-uniform resources. Future directions include optimizing
over cache sizes and consideration of incomplete/inaccurate
demand profiles.
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